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Abstract
A finite CW complex X is said to be prime if for every Hurewicz fibration F + E + B with
E homotopy equivalent to X, and B and F homotopically equivalent to finite CW complexes,
either B or F is contractible. We show that the 3-plane complex Grassmannian G,,i(C)
is prime
if n, is odd. 0 1998 Elsevier Science B.V.
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1. Introduction
If G is a compact Lie group and H is a closed subgroup, G/H is known as a homogeneous space. Several special cases of homogeneous spaces have been shown to have
no nontrivial fiberings. (See, for instance, [2,.5,7,13,16].) In this paper we shall show
that the homogeneous space U(n)/U(3)
x U(n ~ 3), which is the 3-plane Grassmannian

manifold

in complex n-space,

We begin with the following
CW complex, a compact$bering

has no nontrivial

fiberings if n. is odd.

definitions, which are due to Gottlieb. If X is a finite
of X is a Hurewicz fibration F + E --f B with E

homotopy equivalent to X, and B and F homotopy equivalent to finite CW complexes.
We say that X is prime if for every compact fibering F --t E + B of X, either B or
F is contractible. If X is connected, we say that X is connectedwise
prime if for every
compact fibering F + E -+ B of X with F connected, either B or F is contractible.
The following results have been obtained by others:
(1.1) Gn,3(C) is prime if n is odd and 3 < n < 17.
* E-mail: krd@calvin.edu.
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For n = 3, note that Gs,s(C)

1s a single point. and see [ 16, Proposition

note that Gs,s(C)

(in general,

= Gs.J(C)

1.51. For n = 5,

G,,,,,,,(C) = G,,,-,,,(C)
[4, p. 292]), and see [ 16, Theorem
ple 21.

4.191. For the other cases, see [ 13, Section 2, Exam-

Meier points out in [13, (2.15)] that if the complex Grassmannian
G,+,.,(C)
with
Q > p, p < 3 and pq even is connectedwise prime, then it is prime. It follows that if
Glr,3(C) is connectedwise
prime for II odd and n 3 19, then it is prime. Therefore, to
prove the assertion of the title of this paper, it is enough to prove the following result:
Theorem.

Gn,3(C) is connectedwise

prime fijr n odd and n > 19.

Sections 2 and 3 of this paper consist of the proof of this theorem.
An earlier paper by the author [7] contains some nonfibering results about complex
Grassmannian
manifolds. There are serious mistakes in some of the proofs in this paper
and, since results from it are often quoted in the current paper, the referee has suggested
that this Introduction should make clear which results in [7] are incorrect and which are
still valid.
The most important invalid result is the second sentence of the statement of Lemma 2.1;
this should read: “Furthermore, the relations for H* (E; &) can be chosen so that .wme
of them are polynomials in the images under y* of the generators of H* (B; &).” (The
words in italics are those that should be added to the original statement.) A proof for the
case of rational cohomology is found in Lemma 2.2 of the current paper, and a proof for
Zz cohomoiogy (which assumes that the result is true for rationaI cohomology) is found
in [6, Lemma 3.11. Note that the statement of the result in [6, Lemma 3.11 should be
corrected to read: “Then the relations 1’,7can be chosen so that they are polynomials in
p*(z), P*(Y) and p*(z).”
Note also that the first sentence of Lemma 2.1 in [7] is correct, and its proof is correct
also. This result is quoted in Lemma 2.5(a) of the current paper, and a more detailed
proof is found in [6, Lemma 2.11.
On page 224 of [7] are found equations satisfied by the relations rsk+2, rsk+4 and rsk+6,
of H*(G41c+3,3; &). These equations are correct. but it is false that rskf2, r-Sk+4 and r&.+6
are necessarily polynomials in the generators of H* (B; 2%~).Similarly, the statement in
the middle of page 228, that the relations rlsk.+z, TIW+~ and wikt6
of ff*(Gk+~,s
&),
are polynomials in the generators of H*(B; &), is false. This means that the proofs of
the main theorems found in [7], namely Theorems 1. l-l .3, are invalid. The result stated
in the title of the current paper implies that Theorem 1.1 is true, while correct proofs of
Theorems 1.2 and 1.3 will, hopefully, be found in future papers by the author.
As for the lemmas found in [7], Lemmas 2.2-2.6, and 3.1-3.5, are all correct. (There
are misprints in the statements of Lemma 2.3, which should be Wbz = (~4)~ mod K, and
Lemma 3.1, where risk+2 should be risk+h.) Also correct is the result proved in the first
paragraph on page 226, which implies that H’(B; Q) = 0. The fact that H2(B; Q) = 0
is also stated and proved in [13, proof of (2.8)].
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Our general strategy is similar to that used by Schultz in [ 161. Suppose that the theorem
is false; then G,,j(C)
is not connectedwise prime for some odd 71, r~ 3 19. This implies
that there exists a compact fibering F + E + B with E homotopically equivalent to
G,,_?(C),

neither F nor B contractible,

and F connected.

Now we apply the following

result, first stated by Quinn in [15]. (See [9] for a proof.)
Let F + E + B he a jibration with all three spaces homotopy equivalent to jinite CW
complexes. The E has Poincark dualit?, if and only if B and F have Poincart! duality
In [16], Schultz notes that it follows from most proofs of the above result that the
dimension of E as a CW complex is equal to the sum of the dimensions of B and F.
Since G,,,3(C) has Poincare duality, it follows from the above result that B and F also
have Poincare duality. Since a connected zero-dimensional
complex with Poincare duality
is contractible [20, Theorem 4.21, this implies that neither B nor F has zero-dimensional
cohomology. We will show that this leads to a contradiction.
We now use several results on rational homotopy from Halperin [ 10,l I].
By Lemma 4.2 of [ 161, F and B are both simply connected. By Theorem 4.6 of [ 111,
F + E + B is what Halperin calls a rational fibration.
The rational cohomology of E is a truncated polynomial algebra with generators in
dimensions 2,4 and 6, and polynomial relations in dimensions 2n, (2n. - 2) and (2n - 4)
[4, Proposition 23.2, p. 2931. Hence a minimal model for its rational homotopy type
has polynomial generators in dimensions 2, 4 and 6, exterior generators in dimensions
(2n - I), (271 - 3) and (2n - 5), and differentials on the exterior generators which yield
the polynomial relations in H*(E;Q).
(See [4, p. 2591 for a definition of a minimal
model.)
By Theorem 6.3 and Corollary 6.5 of [ 111, both F and B have finite rational homotopy,
and the Serre spectral sequence for F + E 5 B collapses over the rationals; hence
rr* : H* (B; Q) 4 H’ (E; Q) is a monomorphism. Therefore H’ (B; Q) is a subalgebra of
H” (E; Q). Since H”(E; Q) = 0 if i is odd, Hi(B; Q) = 0 if i is odd. Since in addition
B is simply connected and has finite rational homotopy, it follows that H* (B; Q) is a
polynomial

algebra modulo an ideal generated

by polynomial

relations

in the generators

of H*(B; Q). (See the Abstract, and also Corollary 1 of Theorem 5, of [lo].)
If 5’ is a graded rational vector space, let 5’ be the free commutative graded algebra over
S. (That is, L(S) is equal to the polynomial algebra on the even-dimensional
generators
tensored with the exterior algebra on the odd-dimensional
generators.) Now suppose that
X is a simply connected space such that H* (X; Q) IS a finite dimensional vector space
over Q. Then X has a minimal model L(S) for some graded rational vector space S [4,
Proposition 19.4, p. 2601, and there are natural isomorphisms S” + Hom(ri(X)
@Q, Q)
where 5’” is the set of elements of S of dimension i, and TV
is the ith homotopy
group of X. (See [4, p. 2621 and (4.1) of [ll].)
We now state several important lemmas.

Lemma 2.1. H* (B; Q) has at most 3 generators.
Proof. Consider

the long exact homotopy

sequence

. ..i~l(F)i-iri(E)i-iri(B)i-ir._,(F)i’.’.
Tensor each term with Q, and consider the dual sequence
. . + Hom(xi(F)

@ Q. Q) + Hom(T,(E)

E 0, Q)

+ Hom(r, (B) @ Q Q) + Hom(-ir,_l (F) $9 Q, Q) + . .
Let the minimal models for B, E and F be L(V), L(FV) and L(X), respectively.
using the natural isomorphisms mentioned above, we get an exact sequence
+ xi

+ ~$7” L

~7 +t xl-1

+

Then,

.

Recall that the minimal model for E has generators in dimensions 2, 4, 6, (27~ - l),
(2,rL- 3) and (2n - 5). H ence V” = Q if i is equal to any of these integers, and Wi = 0
for all other i. Since we are assuming that neither B nor F is contractible, both V and
X must contain elements of positive dimension.
The connecting homomorphism a is zero on elements of positive even dimension. (See
[ 11, Theorem 4S(iii)]; this can also be proved using results from [8].) Hence 7r* : Vi +
Wi is l-l if i is odd. This implies that V can have odd dimensional generators only in
dimensions (2,n- l), (271-3) or (27a-5), and hence V can have at most 3 odd-dimensional
generators. By Corollary 6.5 of [ 111, the number of even-dimensional
generators of V
is equal to the number of odd-dimensional
generators; hence V has at most 3 evendimensional generators. Since the cohomology classes of the even-dimensional
generators
of V form the generators of H*(B; Q), it follows that H*(B; Q) has at most three
generators.

0

Lemma 2.2. Let R be a polynomid

relation for* H” (B; Q). Then K* (R) is a polynomial

relation for H” (E; Q).

Proof. Let R be a polynomial relation for H*(B; Q). Then the minimal model L(V) for
B has an odd-dimensional
generator ~1:such that dv(s(l) = R, where dv is the differential
operator for L(V). It follows from the proof of Lemma 2.1 that T*(U) = w, where ‘IL]is
an odd-dimensional
generator of W. (L(W) is the minimal model for E.) Let dw be the
differential

operator for L(TlJ. Then n*d\T(o) = dll~r*(v), or r*dv(v)
= dw(w). But
dw(w) is equal t o a polynomial relation for H*(E; Q), and by hypothesis dv(v) = R.
Therefore YT*
(R) is equal to a polynomial relation for H* (E; Q).
0
By Corollary 6.5 of [ Ill, the number of even-dimensional
generators of V is equal to
the number of odd-dimensional
generators. Since the even-dimensional
generators form
the generators of H*(B; Q), and the odd-dimensional
generators produce the relations
of H*(B;Q),
it follows that if H*(B;Q)
h a3 rn generators then it has m polynomial
relations. Now Lemma 2.2 implies that it is possible to choose the relations of H* (E; Q)
such that m of them are images under YT*of relations for H*(B; Q).

Since 7r* is l-l in rational cohomology, we may identify the generators of H*(B; Q)
with their images under 7r*. Therefore, if R is a relation for H” (L?; Q), and thus a
polynomial in the generators of H*(B; Q), we may say that T*(R) is also a polynomial
in the generators of H*(B;Q).
But by Lemma 2.2. x*(R) is a relation for H*(E;Q),
so we can say that one of the relations for H* (E; Q) is a polynomial in the generators
of H*(B; Q).
We can summarize the last two paragraphs as follows:
(2.1) H*(B; Q) has ~7 generators and rrl polynomial relations, where 771= I. 2 or 3.
(2.2) If H*(B; Q) h as a polynomial relation in dimensions 2j. then we can choose the
polynomial relations for H* (E; Q) such that if r1 is the relation for H” (E; Q)
in dimension 2j, then ‘r’,7is a polynomial in the generators of H* (B; Q).
Let us briefly discuss the polynomial relations for H*(E; Q). By [4, p. 293, Proposition 23.21, H* (E; Q) is a truncated polynomial algebra generated by the Chern classes
~‘1, 1.2and “3 and three polynomial relations in dimensions 211, (271~- 2) and (277 - 4).
One possible choice for these relations is d,,, (I’,,_t and dn_? where the ~1~‘ssatisfy:
(2.3) (I + cl + 1‘2+ q)( 1 + dt + d? + $3 + . .) = 1 [4, p. 293, Proposition 23.21.
We can solve for each d, in terms of c’t , (‘2 and q, and thus obtain d,, , cl,,_ 1 and d,,_l
in terms of cl. c2 and q.
Note that any three homogeneous
polynomials
in (‘1, (‘2 and q in dimensions 211,
(27~- 2) and (2rr - 4) are polynomial relations for H* (E; Q) if and only if they generate
the same ideal as the ideal generated by nl,, , d,,_l and (tn_2. So let us suppose that r,,.
7‘r,_I
and r,?-z are relations for H*(E; Q) which satisfy the criteria of (2.2). It follows
that r,,-z must be a linear combination
of d,,_z; T,,__I must be a linear combination
of rl,,_, and c~cl,~_?; and 7’,, must be a linear combination of d,,, ct~l,,_l, cfd,,-1 and
~cl,, -2. Therefore:
(2.4) r,,_z = ~1,,_2 for some rational o # 0.
(2.5) I‘,,_ l = 3, c-1d,,-2 + J~d,,- 1 for some rational $I and !$ with :$ # 0.
(2.6) I’,, = 31 cl d,,_t + y2&,,_?
+ ;,3c:f&-2 + -/q&1 for some rational ~~1,22, 73, 2~
with 3~ # 0.
Throughout the rest of this paper, we shall assume we have chosen relations for H*(E; Q)
which satisfy the criteria of (2.2). This assumption will be crucial to our arguments.
The next lemma lists certain properties of the d,‘s from (2.3). The proofs are by
straightforward induction on s, and we will omit all but the first proof. Let us denote the
ideal generated by, say, .rt . :I;?.
, IT, by J(x, (1’2, . . s,, ).

Proof. (a) By (2.3), the &‘s satisfy
(1 + Cl + c2 + Q) ( l-td,

+CIz+&+...)

= 1.

For each positive integer s. the term on the left-hand
Therefore

side with degree s must equal zero.

From the last three equations it follows that d,$ = -cl&i
mod J(c2, ~3) for s >
Since di + cr = 0, dr = -(‘I , so that rl,s = (-I)” mod J(c2, ~3) is true for s =
Suppose it is true for some positive integer s. Then we can use the equation d,+i
-crd, mod J(cz5 Q) to show that it is true for (s + I). By induction it is true for
*Sal.
0

2.
1.
=
all

Since the relations of H*(E; Q) are in dimensions 2rr, (2~~ - 2) and (211 - 4), it
follows from Lemma 2.2 that the dimensions of the relations of H*(B; Q) are in the set
{271,2n - 2.271 - 4). Suppose H* (U; Q) has 3 g enerators in dimensions 2u, 20, 2~. By
[lo, Corollary 2 of Theorem 51, the Poincare polynomial of B is:
(2.7) P(B) = (1 -fz”)(l
- fz”-‘)(l
- t2’t-J)/(1 - ?(I)(1 -tZb)(l
- tZc).
Note that P(B) can be written in this form even if H*(B; Q) has fewer then three
generators. For instance suppose it has two generators in dimensions 2a and 2b; then it
has two polynomial relations, say in dimensions 2n and (27~ - 2). By the result from
[ 1O] quoted in the last paragraph
P(B)

= (1 - ty

(1 - 1’“-‘)

(1 - @) (1 - f’“)
This has the form of (2.7) with c = II - 2.
If we adopt this convention for expression P(B), then (2.2) implies that:
where the relations have been chosen
(2.8) If r, is a relation for H*(E;Q),

as in

(2.2), then exactly one of the following statements is true:
(i) Sri is a polynomial in the generators of H*(B;Q).
(ii) In the expression for P(D) in (2.7), one of a, b, c is equal to i.
If rz~rzeof the relations for H* (E; Q) are polynomials in the generators of H* (B; Q), then
(2.7) and (2.8) together imply that P(n) = 1. Then D has zero-dimensional
cohomology;
since it has PoincarC duality, it is contractible 120, Theorem 4.21. Therefore:
are polynomials
in the generators of
(2.9) If none of the relations for H*(E;Q)
H*(B; Q), then L3 is contractible.
Another fact that will turn out to be useful is:
(2.10) a, 11,c are all strictly greater than 1. A proof of this fact for the case E =
G4k+3.3(C) is found in the first paragraph of [7, p. 2261, and the same argument
works for Gn,j(C) with rl > 19. Another proof can be found in [13, proof of

W)l.

Lemma 2.4. In the expre.s.sion ,for P(B) in (2.7). suppose thnt rn is a positive integer
which divides exactly me of II, (II ~ 1) arld (II - 2). Therl 7~1 divides at most orw of
0. b. C’.
Proof. Let u = t’ in (2.7). Then (2.7) becomes:
F(B)

= (1 ~ /L”)( 1 - I!“_‘)( 1 ~ d-2)
(1 ~ /I”)( 1 - uh)( 1 ~ II”)

Suppose

that II) is a positive integer which divides exactly one of I), (II - 1) and
(I) - 2). Without 1oss of generality, let rrr divide 71. Suppose that ~1 divides a also.
Then 7~ = u/f
and (1 = mg for some positive integers .f. 9. Therefore P(B)
=
(1 _ p.f)(l
~ {,IJ-‘)(] - lL’“p’)/(] - ~l”Vl)( 1 ~ (I~‘)(1 - 11”). Divide the numerator and
denominator

~~~ (, =

by (1 ~ u’“); this gives

e?iii/rri

m the above expression. Then u’” = 1; therefore (1 + u”* + u”” +
+
~(.f~‘)“‘) = )rI # 0. Al so, since by hypothesis III divides neither (n - 1) nor (7) ~ 2), the
numerator is nonzero. Since P(B) is a polynomial in (1, the denominator must be nonzero
also. (Otherwise we will have a nonzero numerator divided by a zero denominator.) This
implies that VI cannot divide either h or c’. The conclusion of the lemma follows.
0
We have been working with rational cohomology; we now switch to cohomology with
Z.(, coefficients for some suitable prime p. It follows from 13, (6.6)] that if F - E 3 B
is a compact fibering with F connected, and if 11 is any prime, then there exists a map
T* : H*( E; Zl,) 4 H* (B; Z(,) such that ~*a-* is multiplication
by y(F). This implies
the following crucial fact:
(2.1 1) If p is a prime which does not divide the Euler characteristic of F, then
rr* : H*(B;Z$,)
+ H*(E;Z$,)
is a monomorphism.
Hence H*(B;Z!,)
is a
subalgebra of H * (E; &,), and we may identify the generators of H*(B; Zr,)
with their images under 7r*.
Let us assume that 11 is a prime which does not divide k(F).

Recall that

where the <l(,‘s satisfy (2.3). Since H*(E; Z) is torsion free, it follows that H*(E; Z) 3i
Q = H*(E;Q).
Since d,,, rl,, _ 1, dn-2 are polynomials in (‘1, r2, cj with integer coefficients, it follows that H*(E; 2%)= Z[ (‘1.r.?.(.~]/J(rl,,.rl,,~,,tl,,~2).
Note that H*(E;ZI,)
is the image of H* (E; Z) under the coefficient homomorphism.
So let Ct , C?, c13 be the
generators of H* (E; Zi,) and let D,,, D+(,
D,,-2 be its relations; then the following
statement is true:
(2.12) H*(E;Z,,)
= ~~,[C,.Cz.C~]/.7(0,,,
DrL_,.Dlr_2),
where Cl, (‘2, (li have
dimensions 2, 4 and 6, respectively. The D,‘s satisfy (1 + Cl + Cz + C1)/( 1 +
Dl + D? + 03 +
.) = 1. Clearly, all the results of Lemma 2.3 are true if

240

each cq and d, is replaced by c‘i and D,, respectively,

and each coefficient

is

replaced by its congruence class mod 1).
We will state the next result without proof. A proof for 1, = 2 can be found in 16, Lemmas
2.1 and 3.11, and this proof can easily be adapted for any prime p.
Lemma 2.5.
(a> Let p be a prime c\hich clors rtot di\Vde the Euler churacteristic of F. Then
H*(B;Q)
und H*(B;Z,)
h CIIV the some tlumher of generufors, and itz rhe same
dimensiotzs.
(b) Suppose H* (B; Q) has N rel&on ir7 dimension 2j. Then the relutions ,f(w
H* (E; Z1,) cun be chosen .so thtrr the relntion in dimension 2j is u pol~nomictl in
the genetutors of H” (13; Z,,).

Let us
according
(2.13)
(2.14)

suppose that the relations R,,, R,, _ ,. R,, ___zfor H” (E; &) have been chosen
to Lemma 2.5(b). It follows that:
R7,_s = oD,,_-2 for some o # 0 in &,.
R,,_l = O~CID,,_~ + &D,,_I for some :-II and :% in Z,, with i--r?_
# 0.

(2.15)

R,,, = ?IC~D,,_I +52C20,,+2
+7iC’f11,,_2 +~,JD,, foryl, ?j?, ~3, 74 in Z,,
with 74 # 0.
Next we state some results about Steenrod operations for the primes 11= 2 and 3. For a
discussion of the Steenrod cohomology operations, see [ 191.

Sq2(C2)

=

e,c2

+

c,:

sy(C’j)

=

c,(‘i

tmd

Proof. These results follow directly from Wu’s formula

Sq”(C,)

=

c,c,.

[ 14, p. 941:

The I~!,‘s are the Stiefel-Whitney
classes for El * (E: ZI,); ‘~‘0 = 1, 7~2, ~‘1 and ~‘6 are
the generators of H*(E;Z,,).
and II‘, = 0 for all other i. Applying this formula, we get
Sq’( n,~) = (QG’~+u~,, S~‘(.U!~) = U’~JQ,and .S’~‘(Q) = u!~/P~. (Note that all coefficients
are congruence classes mod2.) If we replace ((‘2, SU’~,/l+, by C,, C,, C,, respectively, the
lemma follows.
0
Lemma 2.7. Let Cl, C2, Ci be the ~yenercrrors
Steenrod operations ,for p = 3. Theta

of H*(E; &), ad

let Pi denote the

A proof can be found in 17, Lemma 3.41, so we shall omit it here. In the next two
lemmas, let us denote the congruence class of rn mod II by [II)],(, where rn and II are
positive integers.
Lemma 2.8. Let Cl, Cl, Cj be the gmerutors

of H*(E; Z;?). Then

mod .J(Cl , (23) for any positive
(a) Sq”(Ci”) = [rrr]zC;l?lri+’
dirnensiorz of Sy”(C:)‘) is less than (211 ~ 4).
(b) tj’ f is N r~mmniul
0 mod .J(C,. C3).

integer m swh

that rhr

in Cl, G, Cj such that f = 0 mod .I(CI . C;(3),then Sq’(f)

=

Proof. (a) Since by [ 19, p. 1, Axiom 31 S#(C;;)
= Ci, the result is true for 711= 1.
Suppose it is true for some positive integer rn. Then
syJ(C:“+‘)

= s$(cJ?c;~)

= s$(cz)c;’

+ sq2(C;;)sy?(C;‘L)

+ CzS$(C;‘).

by the Cartan formula [ 19, p. I, Axiom 51. By Lemma 2.6, S’q’(C?) = 0 mod J(C, . (73).
It follows from the induction hypothesis that SyJ(Cy+‘)
= [rn + 1]2Cy+’ mod
.J(Cl C3); hence by induction the result is true for all positive integers m. Note that the
purpose of the hypothesis about the dimension of S#(Cy)
is to ensure that Sq’(Cgl)
lies in the polynomial algebra part of H*(E; Z?).
(b) Let f be a polynomial in Cl, Cl, C’, such that .f = 0 mod ,J(C,. Ci). Then f is
equal to a sum of monomials of the form C~C~C~, where 7’, s, f are nonnegative integers
with 7‘+ t > 0. From the Cartan formula we get:
(2.16)

S$(C;C;C;)
= Sy”(C;)C;C;
+ C~Sq’(C;)C;
+ C;C;Sq’(C;)
+syl(C;‘)syl(c;)c;
+ sy’(c;)c;sq’(c:)
+ c’~sy’(c;)sy*(c~).
By hypothesis, I’ > 0 or t > 0. First suppose that 1’ > 0. By [19, p. 5, Lemma 2.51,
S$?(C;.) X (:‘)Cff’,
where the binomial coefficient is taken mod 2. It follows that each
term on the right-hand side of the equality in (2.16) is zero mod J(C, ~C3), so that the
conclusion of the lemma follows.
Next suppose that t > 0. If t = 1, then by Lemma 2.6 both Sq’(Cj) and Sy”(C3)
zero mod J(Cl , Ci), and the conclusion of the lemma follows from (2.16).
Suppose t 3 2. Then

SY’G) = Sq2(CKy) = Sy2(C$y
which by Lemma

2.6 is zero mod J(Cl:

+

are

c3sy2(c;-'),

Cj). By a similar use of the Cartan formula

and Lemma 2.6, we can show that Sq”(Ci) also is zero mod .J(CI, Cj), and again the
0
conclusion of the lemma follows from (2.16).
Lemma 2.9. Let Cl, C2, Cx be the generurors of H*(E; Z,). Then
(a) P3(CTL) = [m]3Ci 712+2mod J(C, . G) f or any positive integer rn such thuIr rhe
dimension of P” (C$‘) is less than (2~ ~ 4).
(b) rf’f is a monomiul in Cl, Cs, Cx such that ,f = 0 mod ,J(CI.C?), then P3(f) =
0 mod .J(C,. C?).
Proof. The proof is very similar to that of Lemma 2.8, so we shall omit it. Note that the
Steenrod operations are for 1) = 3.

Lemma 2.5 suggests that the Euler characteristic
our arguments.

We close this section of the paper with two results about x(F),

characteristic of F.
From 14, p. 2921, the Poincare
(2.17)

P(E)

of the fibre F will be important

= (I -+)(I

From [ 10, Corollary

polynomial

-t”‘~‘)(l

2 of Theorem

in

the Euler

of E is given by:

-t”‘-‘)/(I

-?)(I

-?)(I

-t’).

5 ]. we get that:

(2.18) y(E) = /I(71 - I)(71 ~ 2)/O.
It is easily checked that (2.18) implies that 1 (E) is odd if 7) = 3 mod 4. Note that
y(E) = %(B)%(F) [IS, pp. 481, 4821. Therefore:
(2.19) x(F) is odd if II = 3 mod 4.
Recall that by (2.7) the Poincare polynomial for G’ is

From [ 10, Corollary 2 of Theorem 51, we see that k (II) = n(,r- l)(n - 2)/(1hc. Now we
use (2.18), together with the fact that \ (E) = y(B) 1 (F) [ 18, pp. 48 1, 4821 to compute
,y(F). We get:
(2.20) X(F) = &/6.

0

3. The proof that G,, ,3(c’) is connectedwise

prime for odd 71

The proof consists of several lemmas. In Lemmas 3.1-3.3 we show that among the
generators of H’(I3: Q). exactly one has dimension divisible by 4. Lemmas 3.4-3.6
establish that the Euler characteristic
y(F) of F is odd. We then use the Steenrod
operations for the primes 2 and 3 to get contradictions.
We begin with two lemmas about the (I, b and c in the expression for the Poincare
polynomial of B in (2.7) Recall that
p(~)

= (1 _j’“)(]
(] -

-p-2)(]
@“)(

] ~ j”‘)(

-p-4’)
] _ p)

Lemma 3.1. Exactly me of‘ (I, b cm/ (. is

rver7.

Proof. By hypothesis H is odd: hence 2 divides exactly one of II, (rr ~ 1) and (7) ~ 2).
By Lemma 2.4, 2 divides at most one of n, b and (‘, so that at most one of n, b, c is even.
in the generators of H*(B; Q) or it is not. If not,
Either T’,!_ 1 is a polynomial
then, by (2.X), one of (1. 11, (’ is equal to (1, -.- I), and hence at least one of II,
b, c is even. So suppose that ‘r,,_ l is a polynomial in the generators of H*(B; 0).
By (2.5). I‘,,_~ = iM,,+I mod .I((~, q) for some rational $ # 0. By Lemma 2.3(b),
(1 ~, = (_1)(“-l)/‘(.i”-‘)!’
mod J((~1.c~). Therefore r,,-, is equal to a nonzero cons&t times a power of Q mod .I((:, ~3). But we are assuming that T,,_I is a polynomial
in the generators of H* (B; Q): h ence at least one such generator must be nonzero
modJ(cl. q). Since Q has dimension 4, the dimension of this generator will be a multiple of 4, which implies that at least one of (1. b and <’is even.

Thus we have shown that ut most one and at least one of (I, b, c is even. It follows
that e.xact/y one of a, 0, c is even.
0
In what follows, we will assume that a is even, and that b, (8 are odd
Lemma 3.2. Ij’a = (71 - l), then H*(B;Q)
nomiul relation in dimension 2n.

h as exuctly one generutol;

und one ply-

Proof. By (2.7), P(B) = (1 ~ t”‘)(l - t2n+2)(l - t271P’)/(l ~ t’“)(l - f’“)(l -t”).
Suppose that u = (n ~ 1). Then, by (2.8), the relation 7.,-l for H*(E; Q) is r7ot a polynomial in the generators of H* (B; Q). By (2.1) H* (B; Q) has at most two generators.
Now Lemma 3.1 implies that:
(3.1) Any generator of H*(B: Q) has dimension 2h or 2c for some c&l integers b, c.
We shall show that r,,-z cannot be a polynomial in the generators of H*(B: Q). Suppose
that I’,,_~ is a polynomial in these generators. Then we claim that:
(+3)/Z
(3.2) r+z has no term of the form cl c3
For suppose that ~‘~~-2does have such a term. By hypothesis r,,_2 is a polynomial in
generators of smaller dimension; hence some product of monomials in these generators
(r:-3)/2
mto two or more
must produce a c~c~-~)‘~ term. But if we decompose CIC,
monomials of smaller dimension, at least one of these monomials must be a pure power
of Q. The dimension of this monomial, and hence also the dimension of a generator of
H*(B; Q), will be 2 times an even integer, which contradicts (3.1).
But now recall that by (2.4), T,,-_Z = a&_2 for some rational cy # 0. Applying
(rr-7)/2
term.
Lemma 2.3(d) with s = (7, - 3)/2, we see that d,,_l has a nonzero TIC,
Therefore 7’,,Pl has a nonzero cl c20L--3)‘2 term. This contradicts (3.2).
Thus we have shown that neither r,,-, nor 1^,,-2 is a polynomial in the generators of
H*(B; Q). By hypothesis B is not contractible; hence (2.9) implies that rn is a polynomial in these generators. By (2.1), H*(L3; Q) h as one generator, and one polynomial
relation

in dimension

2rl, namely 7‘,,.

0

Next we shall show that the conclusion

of Lemma 3.2 is actually

Lemma 3.3. H* (B: Q) cannot be a polwomial

algebra

impossible.

with one generutor

and one

relution 7’,,
Proof. Suppose that H* (B; Q) has a single generator :I’ in dimension 2c, and one relation
r7,. Since n is odd and n > 19, n = 2m + I for some integer m 3 9. The relation T~,,,,+~
must be a polynomial in .I:; therefore:
(3.3) r’2,,+1 = o.rT1 for some rational N # 0 and some integer 11 3 2.
Recall that by (2.6), T, = yicld,_l
+ y~&~~
+ y&&-2
+ ybd,, for some rational
;!I, 72, 73, 14 with 74 # 0. Since */;1# 0, we may suppose without loss of generality that
34
=
1. Letting n = 2m + 1, we get:

244

We shall show that (3.3) and (3.4) are inconsistent
assertions:
(3.5) 7’2rrc+I has to term of the form cr$.
’ q.
C3.6)
7’2,ra+ I has no term of the form ry-

with each other. We begin with two

For if r*21,1+ldoes have a term of either form, then the same argument
establish

that we used to

(3.2) in the proof of Lemma 3.2 can be used to show that the generator
(2m + 1);

dimension 2c for some even integer (‘. But (3.3) implies that r: divides
c must be odd.
Next we apply Lemma

2.3 to (3.4) to find the coefficient

of crcy

.c has
hence

and c~;“~‘Q in

&n+~. Recall that 7’2,,,+1 = ?rcr&,, + Ar~c2tll,,,_~ + y3c:&_r
+ &+I.
To find the
coefficient of cl CT in 7’~,,,+1. we need the coefficients of r:‘” in dim, ctcy-’
in dim-r
and crcy in &+r.
By Lemma 2.3(b), (d), we can show that the coefficient of ctc:”
is (-l)nLTr + (-l)“L7r112 + (-I)“‘+~’ (m + 1). By (3.5) this coefficient is zero, which
implies that:
(3.7) 71 + rnT2 = m + 1.
Similarly, by applying Lemma 2.3(e), we can show that the coefficient
~,,,+r is (-l)“-‘(m
- 1)yl + (-I)“‘III.
By (3.6) this is zero, so
(3.8) “/?L= rn/(m - I).
We can solve for ~1 from (3.7), which gives:

of ci’-‘c3

in

(3.9) yr = -l/(m
- 1).
Then we apply Lemma 2.3(g) to (3.4). and use the values of 71 and y2 from (3.8) and
(3.9) to show that:
II&-‘I 7
(3.10) ~‘z~,+I has a cZ c’j term whose coefficient is:
(-l)nLP3(rn

- 3)(,1r1 ~ 2)(2m
(6(?rr ~

+ I)

1))

Since r?,,+ 1 has a c~r--Jc~ term, (3.3) implies that J:” must produce a cyP4c:: term. But
the only way to decompose c2“rPJcz into two or more monomials of equal dimension is
(U+J)/3
1.3. Hence
into three monomials of the form c2
= mr?
for some rational 0 # 0.
(3. I 1) 7’2rn+l
It follows that (2,m + 1) is divisible by 3. Hence, by Lemma
(_ 1)(2rr,+l)/3C(Z”L+1)/3 mod J(cr c.2). Now (3.4) implies that:
3
(3.12) 7‘~~~,+~= --c3(““+‘)” mod .J(c,r, ~2).

2.3(c),

d~,~+r

=

From (3.1 1) and (3.12), we see that .I‘ must have a nonzero c~{2r”f’)‘9 term. Therefore the
dimension of z is divisible by 3. But (3.1 I) implies that 2(2m + 1) = 3 (dimension of 2).
Hence (2m. + 1) is divisible by 9.
Now there are two cases to consider: (2m + 1) = 9 mod 36 or (2m+ I) = 27 mod 36.
We will consider each case separately.
Cuse I: Suppose (2m + 1) = 9 mod 36. Then (2,rrj + 1) = 36k + 9 for some integer
k > 1, and hence 711 = (18k + 4). It follows from (3.10) that rjek+q has a ci”“c:
term whose coefficient is -(I%? + 1)(9k + 1)(4X, + 1)/(6k + 1). Note that by (3.11)
Q~~+Y = (IER?for some rational o # 0. From the discussion preceding (3.1 l), it follows
that s has a c;‘cy term; hence .I‘ = :J’~,;~Q + other monomials in cl, ~1, q for some
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[II # 0. Combining this with (3.11) we see that r&k+9 = ofllcigk~: + other monomials
in c,, c2, cs. But we have already used (3.10) to compute the coefficient of ci”“c;. If we
equate the coefficient, we get that:
(3.13) (*.[j3 = -(18/k + 1)(9k + 1)(4k + 1)/(6k + 1).
Observe that by (3.12) s has a nonzero <Gkt’ term; hence
.r = yr’,4kS-’ + other monomials

in cl i ~2, c3

for some 2 # 0

Combining

this with (3.1 l), we see that ?‘36k+9 = ~~,“c:~“+~+ other monomials in cl,
(‘2, ~3. Also, by (3.12), r36k+‘) = -c3 ‘2k+3+ other monomials in cl, ~2, cs. Equating the
coefficients of c:2k+3, we get:
(3.14) oy’ = -1.
Then we divide (3.13) by (3.14) to see that (18kf 1)(9k+ 1)(4k+ 1)/(6k+
1) is equal
to the cube of a rational number. Since the denominator (6k + 1) has no prime factor in
common with any of the three terms in the numerator, this implies that (6k+ 1) is equal to
the cube of an integer. This integer must be equal to 1 mod 6; hence (6k + 1) = (61+ 1)’
for some 1. We can solve for I; to get k = 3( 121’+61’+1), which implies that 3 divides k.
Recall that H* (B; Q) is a polynomial algebra with one relation in dimension 2(36k+9)
and, by (3.1 l), one generator in dimension 2( 12k + 3). Hence we may suppose that in the
expression for the Poincare polynomial of I? in (2.7), the (I; b and c satisfy u = (36k+8),
0 = (36k+7) and c = (12k+3). By (2.20) x(F) = &c/6 = (18k+4)(36k+7)(4k+
1).
As we saw above, k is divisible by 3, so we may deduce that y(F) is not divisible by 3.
Now we may apply Lemma 2.5 to see that H*(B; Zx) has a single generator z in
dimension 2( 12k + 3), and that the relation Rsbk+g for H*(E; &) is a polynomial in .I’.
By (2.15) R36k+9 = T&k+9
mod ,r(C,,C2)
for SOme y # 0 in &. By (2.12)
and Lemma 2.3(c) I&k+9 # 0 mod .J(Ct ~C2), which implies that &h-+9 # 0 mod
J(Ct . c2). But as we have seen, Rs6k+9 is a polynomial
in .r. Therefore :I’ =
&X’_~“+’mod J(Ct , C2) for some nonzero ,fl in Z3.
Next we apply Lemma 2.9. By [19, p. 76, Axiom 11, the dimension of P’(X) is
2( 12k + 3) + 12, which is less than 2(36k f7). It follows from Lemma 2.9 that P’(J) =
gC;“+” mod J(Ct , Cz). (Recall that 3 divides k.)
Therefore H*(B;&)
IS nonzero in dimension 2(12k + 3) + 12 = (24k + 18). But
we have shown that H* (El; &) has a single generator in dimension 2( 12k: + 3), which
implies that H’(B;
contradiction.

&) = 0 for 2( 12k + 3) < %< 2(24k + 6). Thus we have obtained

a

Case 2: Suppose (2m + 1) = (36k + 27). By (3.11) H’(l3; Q) has a single generator
in dimension 2(12X:+9). By (2.19) x(F) is odd. Finally, by Lemma 2.5, H*(B;&)
has
a single generator x in dimension 2( 12k + 9).
Now we use the properties of the Steenrod Squares. By [ 19, p. 1, Axiom 31,
Sq 24k+‘8(~) = x2. By the Adam relations [19, p. 2, Axiom 71, Sq’4”f’x = Sq’Sq’4k+‘6;
therefore S$S$4k‘+‘6(:r)
= .r’, which is nonzero. This implies that Sq*“‘,‘+“(s)
is
nonzero, and hence that H48kf34 (L?; &) 1s nonzero. But, since H*(B;&)
has a single
generator in dimension (24k + 18), H”(B; &) = 0 for (24k + 18) < i < (48k: + 36), so
that we have a contradiction.
0

Lemmas

3.2 and 3.3 together imply that (1 # (IL ~ 1). Since the expression

given in (2.7) must be a polynomial

for P(B)

in t, a must divide one of n, (n - l), (n - 2). (To see

this let t2 = e2nzla in (2.7).) Since a is even and n is odd, a divides (n - 1). From this
discussion, together with Lemma 3.1 and (2.8), we can make the following statement:
(3.15) H*(B; Q) has a generator x in dimension 2~1.for some even integer a which
properly divides (r~ ~ 1). Any other generator of H*(B; Q) has dimension 2h
or 2c, where b, c are odd. The relation r,<_~ of H*(E; Q) is a polynomial in
the generators of H” (I?; Q).
If p is a prime which does not divide y(F), L emma 2.5 implies that (3.15) is still true
if Q is replaced by Z,,. Since this fact will turn out to be important, we shall state it
completely.
(3.16) Suppose p is prime which does not divide y(F). Then H*(B; Z,) has a generator ~1:in dimension 20, for some even integer CLwhich properly divides (7~- 1).
Any other generator of H*(B; Z,) has dimension 2b or 2c, where b, c are
odd. The relation R,_, of H* (E; I&,) is a polynomial in the generators of
H*(B; Z,).
Recall that by (2.19), the Euler characteristic X(F) is odd if r~ = 3 mod 4. We shall
show that x(F) is odd if 11,= 1 mod 4 also. We begin with a result about the Steenrod
p operations

for any odd prime p.

Lemma 3.4. Let p he uny odd prime, and let Cl. Cz, Cj be the generutors oj
H*(Gn.3(C);ZP).
Then P’(C$
# 0 mod J(C1, C3) for any positive integer % which
is not divisible by p, and such thut the dimension

of P’(Ci)

is less than (2n - 4).

Proof. The following results are from [l, pp. 72-751. Consider the classifying spaces
BU(3) and BT”. There is a monomorphism
p* : H*(BU(3);Z,)
+ H*(BT’;Z,).
H*(BU(3);
Z,) is a free polynomial algebra on generators al, ~2, a3 in dimensions
2, 4, 6, respectively, and H* (BT’; Zp) is a free polynomial algebra on generators 21,
21, 23, all in dimension 2. Also, H*(DU(3);Z1,)
is isomorphic to H*(Gn.3(C);ZP)
in
dimensions smaller than (2n ~ 4). Finally
p’(a,)

=x1

p*(az)

+22+.c3.

=

.c12*

+

.c2.x’3 +

and

53x1

p*(a3) =

Since p* is a monomorphism
which commutes with the Steenrod operations,
identify each p*(ui) with ai. Therefore P’(n2) = P’(z~x~ + 52x3 + 23x1).
properties of the Steenrod operations [ 19, p. 761,
wxix2

+

22x3

+

232,)

=

x+2

+

x,x’;

+

x;.c,

+x2x;

+

x:gx,

+

~122x3.

we may
By the

x,xy.

To determine P’ (a*) mod J(nl uj), let al = (~3 = 0. Then, without loss of generality,
XI = 0, 11:~= -23 and u2 = -.zz. From the previous paragraph:
(3.17) P’(a2)

= -2:$’

mod .I(o,. (~3) = +2ap+‘)‘2

mod J(al.

~3).
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(Recall that we are working in the ring Z,.) By the Cartan formula [ 19, p. 76, Axiom 51
and induction on i, P’(as) = iajiP’ P’ (n2) for any positive integer i,. Combining this
with (3.17)
P’(,i)

we see that:
= ia~-‘(&2$+‘)‘*)

mod .](a’, (~3) = ~t2iap’+“~‘)‘*

Suppose that, as stated in the hypotheses

mod J(w’, a3).

of the lemma, p does not divide i. Then 2i # 0

in the ring Z,. Therefore:
(3.18) PI(&) # 0 mod J(a’, ~3) for any integer i not divisible by p.
IS isomorphic to H*(BU(3);Z,)
in dimensions smaller
Recall that H*(Gn,3(C);Zp)
than (2n - 4); that is, in dimensions smaller than that of the first polynomial relation
of H’ ( GIL,3(C); Z,). Therefore, provided that the dimension of P’ (a;) is smaller than
(2n- 4), we may replace a’, (12,u3 in (3.18) by C’ . C2; CJ, which yields the conclusion
of the lemma.
q
Lemma 3.5. Let a be as in (3.15). Suppose that there exists a prime p such that p divides
neither a nor x(F), p = 3 mod 4 and 2a + 2(p ~ 1) < (2n- 4). Then x(F) is odd.
Proof. Let p be a prime which satisfies the above hypotheses. By (3.16) the relation R,_ I of H*(E; Z,) is a polynomial in the generators of H* (B; Z,). By (2.14)
R,,_’ = p’C’D+-2 + hDn_’
for some ,/3’ and ,/J2 in Z,, with ,92 # 0. By (2.12)
and Lemma 2.3(b), D71_-] # 0 mod J(C’, C’s); therefore R,,-’ # 0 mod J(C’. C3) also.
Since R,,,_ I is a polynomial in the generators of H*(B; Z,), at least one of these generators must be nonzero modJ(C’ : C3). Such a generator will have dimension 2 times an
even integer; hence, by (3.16), it can be true only for the generator z in dimension 2n.
Therefore:
(3.19) 5 = xc,(“‘*) mod J(C’ , C’s) for some X # 0 in Z,.
By hypothesis p does not divide a, and hence it does not divide a/2. By [19, p.
76, Axiom 11, P’ raises dimension by 2(p - 1). Hence the dimension of P’(X) is
2a + 2(p - l), which by hypothesis is less than (2n, - 4). Therefore the hypotheses of
Lemma 3.4 are satisfied, which implies that:
(3.20)
Observe
integer,
with the
of proof
(3.21)

P’ (Cj”‘*’ ) #OrnodJ(C~,Cs).
that both P’ (C’ ) and P’ (C3) must have dimension equal to 2 times an odd
and hence both must equal zero modJ(C’. Cx). We can use this fact, together
Cartan formula [ 19, p. 76, Axiom 51, to prove the following result (the method
is similar to the proof of Lemma 2.8(b)):
If f is a monomial in C’. Cz, C3 such that f = 0 mod J(C’, C3), then
P’ (f) = 0 mod J(C’, C’s).
By (3.19) n: = XC;“‘*) + monomials which are zero mod J(C’ , C’s). Therefore, by (3.20)
and (3.21) P’ (x) # 0 mod J(C’: C3).
By the naturality of the Steenrod operations, P’ (x) is in H* (B; 22,) and hence must be
equal to a polynomial in the generators of H* (B; Z,). But, as we saw in the discussion
preceding (3.19) only the generator z is nonzero modJ(C’) C3). Therefore P’(X) must
be equal to a constant times a power of z mod J(C’ , C’s). This implies that the dimension

of CC,which is 2~2, divides the dimension

of P’(X),

which is 2a + 2(p - 1). Therefore

a

divides (p - I). By hypothesis p = 3 mod 4; hence (p - 1) = 2 mod 4.
Since a is even, and a divides an integer which is 2 mod 4, it follows that:
(3.22) n = 2 mod 4.
Recall that by (2.20) x(F)
odd, this implies that x(F)
Lemma

= n/~/6.
is odd.

S’mce (1 = 2 mod 4 and, by (3.16), b and c are

0

3.6. For 7~.odd and ~3 3 19, ,y(F)

is odd.

Proof. Let n = 36k + i for k 3 0 and i 3 0. By (2.19) x(F) is odd if n = 3 mod 4;
hence we only need to prove the result for 71 = 1 mod 4; that is, for i = 115,9, 13, 17.21,
25,29,33. We will use Lemma 3.5.
First let i = 1. Then n = 36k + I for some k 3 I, and by (2.18) x(E) = (36k + 1)
x 36k(36k - 1)/6. S’mce ( 12k - 1) = 3 mod 4, there exists a prime p such that p divides
(12k - 1) and p = 3 mod 4. Observe that if p divides x(E), then p divides one of
(36k + I), 36k, (36k - 1). But by our choice of p, it divides (36k - 3); hence if p
divides x(E), it divides one of 2, 3 or 4 and hence p = 2 or 3. But, since we have
chosen a p which divides (12k - I), this is impossible. Therefore p does not divide
x(E), and hence p does not divide X(F). In addition, since by (3.16) a properly divides
(‘r-1) = 36k,p cannot divide 0,. Finally note that a < 18k (since a properly divides 36k),
andp<
(12k-1)(sincepdivides(l2k-1)).Hence2a+2(p-1)~36k+2(12k-1)=
60k-2<2(36k-l)fork~l.So2n+2(p-l)<2(n~2j=2n-4.Thuswehave
found a prime p which satisfies all the hypotheses of Lemma 3.5. Therefore if i = 1,
x(F) is odd.
Next consider i = 5. 17.21 and 33. By (2.18) x(E), and hence x(F), is not divisible
by p = 3. Since a divides (n - 1) = (36k + i ~ l), 3 does not divide a. Finally
2a+2(p1) < 2(36k+i1)/2+2(31) = 36k+i+3
< 2(36k+i-2)
= (2~4)
for all k and %such that (36k + i) > 7. By hypothesis n > 19; hence (36k + i) > 7.
Therefore p = 3 satisfies all the hypotheses of Lemma 3.5, so that x(F) is odd for these
cases.
We are left with the values i = 9, 13.25 and 29. Let us consider these briefly, omitting
the details. For i = 29, choose a prime p such that p divides (12k-t 11) and p = 3 mod 4.
Such a prime will also work for i = 9 if k 2 2; if k = 1, p = 7 will work, while if
k = 0, n < 19, contrary to our hypothesis. For ?: = 25, choose a prime p such that p
divides (12k + 7) and p = 3 mod 4. This prime will also work for i = 13 if k 3 1. If
k = 0, n < 19, contrary to our hypothesis.

0

Lemma 3.6 and (2.11) together imply that H*(B;&)
is a subalgebra
We will use the Steenrod squares to make further progress.
Lemma

3.7. For n odd and It, 3 19, H’(B;

Q) has generators

of H*(E;&).

in dimensions

4 and 6.

Proof. By Lemma 3.6, 2 does not divide x(F). Therefore, by (3.16), H*(B;&)
has a
generator n: in dimension 2a for some even integer a which properly divides (72 - 1), and

also R,,_l

is a polynomial

in the generators

the proof of Lemma 3.5, R,,_l

of H* (B; Zz). By the same arguments

# 0 mod J(Cl.

Cx), the generator

as in

z # 0 mod J(Ct . C3)

and any other generator of H * (B; 25) IS zero modJ(Ct, C3). It follows that:
(3.23) .I; = C;” mod J(Ct . Cs).
Since Sq5 raises dimension by 4 [ 19, p. 1, Axiom 11, Sq”(x) has dimension (2a+4).
aproperlydivides(n-1),2u~(n-l);therefore2a+4~(n.-1)+4=rl+3<2n-4

Since

for II > 7. By hypothesis, n 3 19; therefore the dimension of Sq’(z) is smaller than
(2rr ~ 4). so that:
(3.24) Sq’(.c) is in the polynomial algebra part of H* (E; &).
By (3.22) CL= 2 mod 4; hence CL/~ is odd. Now Lemma 2.8, together with (3.23) and
(3.24), implies that Sq4(x) # 0 mod J(Ct. Ci). But by the naturality of the Steenrod
squares. So
is in H*(B;&),
and hence is a polynomial in its generators. As we
have seen. only the generator s # 0 mod J(Ct ~C’s); hence Sq’(x;) equals a power of
.I’ mod J(C1. C’j). Therefore the dimension of x divides that of Sq4(x), or 2n divides
(20 + 4). Since n is even, this implies that n, = 2, so that H*(B; &) has a generator in
dimension 4.
By (3.23) .I’ = rkC”f+ Cs for some o in &. By [ 19, Lemma 2.5 on p. 51 Sq2(Cf) = 0;
hence Sq’(.r) = Sq*(G)
= CIC? + C,, by Lemma 2.6. Therefore Sq*(x) # 0, which
implies that H’(B; 2~) # 0. But by (2.10) and Lemma 2.5(a), H’(B; 222) = 0; therefore
H* (B: 252) must have a generator in dimension 6. Now we use Lemma 2.5(a) to conclude
that H*(B; Q) has generators in dimensions 4 and 6. 0
We can conclude from Lemma 3.7 that in the expression for P(B) in (2.7), a = 2
and b = 3. Note that for any integer rr, 3 divides exactly one of n, (n ~ 1) and (71- 2);
hence by Lemma 2.4, 3 divides at most one of II, b, c. Since b = 3, it follows that 3 does
not divide c. By (2.20) x(F) = &c/6. Hence y(F) = (2)(3)c/6 = c, so that 3 does not
divide i(F). Then it follows from (2.11) that H*(B; 2Z.i) is a subalgebra of H*(E; 25,).
Now we are ready for our final lemma.
Lemma

3.8. For rt odd and 11 > 19, H* (B; Q) has generators in dimensions 4, 6 and 8.

Proof. We saw in the discussion following Lemma 3.7 that 3 does not divide x(F). By
Lemmas 2.5(a) and 3.7, H*(B; &) has generators z, 71in dimensions 4, 6, respectively.
By(3.16)therelationR,,_r
ofH*(E;Z
3) is a polynomial in the generators of H* (E; 24,).
It follows by the same arguments as in the proof of Lemma 3.5 that I(’# 0 mod .J(Ct C’s);
hence:
(3.25) .I’ = r)Cf + $Cz for some o. ;J in Zs with ;? # 0.
By [ 19. p. 78, Lemma 2.21 and Lemma 2.7, P’(r) = 2oC: + J(CfC2 + 2CtCs + Cz).
Since 71 3 19, P’(X) is in the polynomial algebra part of H*(B; Z3); therefore P’(Z) #
0, and hence H’(L?:: &) # 0 also. By (2.10) and Lemma 2.5(a), H*(L?;&)
has no
generator in dimension 2; hence either P’(Z) is a multiple of .I? or H*(B;&)
has a
generator in dimension 8. But since ;j # 0. P’ (.I.) h as a Cl Cs term, and hence cannot

be a multiple

of x2. Therefore

H* (B; &)

has

generators

Lemma 2.5(a), this is true for H*(Ll; Q) also.

0

The last lemma implies that in expression

for I’(U)

But this contradicts

Lemma

in dimensions

4, 6 and 8. By

in (2.7), n = 2, b = 3 and c = 4.

3.1, which states that exactly one of CL,b, and c is even.

Therefore our hypothesis that there is a nontrivial compact fibering with connected
for G,,,3(C) for rl odd, n > 19, is false, and we are done.

fibre

4. Final remarks
An obvious question is whether G,,,j (C) is connectedwise prime if 77 is even. If 71 is
even, all the lemmas in Section 2 of this paper remain true, but some of the lemmas of
Section 3 do not. For example Lemma 3. I, which states that exactly one of the a, 0 and
c in the PoincarC polynomial P(D) is even, does not hold if 71is even. However, a proof
which depends on showing that x(F’) is not divisible by 3, and then using the Steenrod
operations for p = 3, may work. Hopefully this will be the subject of a future paper.
We may also ask whether nonfibering results for G,,,k(C) can be obtained for arbitrary
large Ic. R. Schultz and the author have obtained such results for some cases where I;: is
a power of 2. Again, this may be found in a future paper.
Finally, R. Joshua has used etale homotopy theory techniques to obtain analogs in algebraic geometry of some topological nonfibering results [ 121. In this direction, R. Schultz
and the author showed in [ 171 that the Grassman variety G,,,*(F) has no nontrivial fiberings with connected fibre, where n > 6 is an integer congruent to 2 or 3 mod 4, and F
is a field of characteristic # 2.
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